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Abstract
We analyze the laser ellipticity dependence of n-photon differential cross sections
(dσn /dΩ) for electron-atom scattering in an intense elliptically polarized laser field.
We show that there exist two plateau-like structures in the dependence of dσ n /dΩ
on n for any ellipticity, including for the case of circular polarization. We present
numerical predictions for e-H scattering in a CO 2 -laser field and an analytical description of the plateau features in terms of the rescattering scenario.
Key words: Electron-atom scattering; Strong laser field; Rescattering effects;
Circular dichroism
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1

Introduction

Plateau structures in intense laser-atom interactions (i.e., a nearly constant
dependence of multiphoton cross sections on photon number n over a wide
interval of n up to a cutoff at nmax ) are among the most interesting and intensively studied nonlinear phenomena in laser-atom physics. These structures
have a one-electron origin and are well-studied both experimentally and theoretically for the processes of above-threshold ionization (ATI) and high harmonic generation (HHG) [1]. Recently, plateau structures have been predicted
also for the process of laser-assisted electron-atom scattering (LAES) [2]. Detailed theoretical analyses of plateau effects have been performed for the case
of linear laser polarization, for which a one-dimensional model of electron
motion along the direction of laser polarization is applicable and for which
a numerical analysis of the time-dependent Schrödinger equation is simplified owing to the conservation of the electron’s angular momentum projection
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along the direction of laser polarization. The rescattering picture [3] provides
a transparent physical explanation for the appearance of plateau structures:
an intense oscillating laser field returns ionized electrons back to the parent
ion, whereupon they either gain additional energy from the laser field during
laser-assisted collisional events, thereby forming the high-energy plateau in
the ATI spectrum, or recombine with the parent ion, emitting high-order harmonic photons. A similar interpretation of the high-energy plateau for LAES
as well as analytical estimates for nmax for the case of a linearly polarized field
are given in Ref. [2].

For the case of an elliptically polarized laser field, rescattering effects in LAES
spectra have not yet been analyzed. The high-energy (rescattering) plateaus
in ATI and HHG spectra, however, are known to gradually disappear with
increasing degree of circular polarization |ξ| (−1 ≤ ξ ≤ +1) [1]. Indeed, for
the case of pure circular polarization (ξ = ±1), the process of HHG by free
atoms is strictly forbidden, whereas plateau structures in ATI simply disappear. Thus it has been generally assumed that rescattering effects vanish for
the case of circular polarization owing to the impossibility for the electron to
return to its parent ion. However, for free-free transitions (such as LAES),
rescattering effects can take place even for the case of circular polarization, as
follows from quite general arguments. For the case of bound-bound or boundfree transitions (i.e., HHG or ATI), the angular momentum l of the bound
electron (having energy E0 ) is fixed, so that dipole selection rules for the angular momentum projection m in a circularly polarized field, |∆m| = 1, forbid
HHG and suppress rescattering effects in ATI. (The suppression of ATI occurs
because after absorption of n > n0 ≈ (|E0 |/~ω) photons, the ionized electron
acquires a large additional angular momentum, ∆l = n, whose centrifugal potential barrier makes recollision improbable.) For the case of LAES, however,
both incoming and scattered electron waves are superpositions of continuum
states with different l and m. Hence, for LAES the selection rules should not
lead to such drastic differences in the physics of strong field phenomena for
the cases of linear and circular polarizations as they do for ATI and HHG.

The main purpose of this Letter is to demonstrate the existence of rescattering
effects (and corresponding plateau features) for free-free electron transitions
in the presence of a circularly polarized laser field. In contrast to ATI and
HHG, where the height of plateau structures decreases rapidly with increasing
ellipticity, we find that for the case of LAES the plateau height is almost
insensitive to the degree of circular polarization ξ, whose magnitude and sign
determine only the extent of the high-energy plateau region. These features
of plateau structures in LAES are shown to follow from an exact quantum
solution of the problem, which allows also for a simple classical interpretation
in terms of the rescattering picture.
2
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Formulation of the problem and basic equations

Theoretical analysis of LAES from a neutral atom is simpler than the analysis of either ATI or HHG since the atomic potential U (r) does not involve a
long-range Coulomb tail. Therefore, for slow incident electrons (the case for
which rescattering effects are most important) the electron-atom interaction
can be modelled by a zero-range potential (ZRP), which supports a weaklybound s-state having energy E0 = −~2 κ2 (2m)−1 . For LAES, this approximation represents a time-dependent extension of the standard scattering length
approximation for the description of low-energy, s-wave electron scattering
from atoms that have negative ions with s-electron ground states [4]. 1
In the dipole approximation, we describe the laser field by the electric vector,
F(t) = F Re {e exp(−iωt)},



 q

e = ε̂ + iη[k̂ × ε̂] / 1 + η 2 ,

where F , ω and e are the amplitude, frequency and complex polarization
vector, (e · e∗ = 1). The unit vectors ε̂ and k̂ define the major semiaxis of the
laser polarization ellipse and the direction of the laser beam. Instead of the
ellipticity η, it is convenient to use the degrees of linear (`) and circular (ξ)
polarization: ` = e · e = (1 − η 2 )/(1 + η 2 ), ξ = ik̂ · [e × e∗ ] = 2η/(1 + η 2 ). Since
|E0 | (or the scattering length κ−1 ) is the only free parameter of the problem,
we use scaled units in which electron
q energies and ~ω are measured in units
of |E0 |, momenta in units of ~κ = 2m|E0 |, the field amplitude in units of
q

F0 = 2m|E0 |3 /(e~), and cross sections in units of κ−2 . As an example, for
e − H scattering, |E0 | = 0.754 eV = 0.0277 a.u. is the binding energy of the
H− ion and F0 = 3.36 × 107 V/cm = 6.52 × 10−3 a.u.; the scaled unit for the
laser intensity, I = cF 2 /(8π), is thus I0 = 1.5 × 1012 W/cm2 = 4.3 × 10−5 a.u.
A periodic function, fp (t) = k fk exp(−ikωt) , plays a key role in the description of LAES for a ZRP model. Namely, it determines the behavior at
the origin of the exact scattering state, Φp (r, t), for an incident electron having
momentum p and energy E = p2 :
P





Φp (r, t)|r→0 = r −1 − 1 fp (t) .
(For the explicit form of Φp (r, t) see Ref. [2].) The function fp (t) contains
the complete dynamical information of the electron-atom interaction in the
1

Note that the effective range theory [4] may be used to provide a more precise
account of U (r) by introducing the effective range, r 0 , as well as the scattering length
κ−1 . (ATI in this approach has been considered in [5].) However, we have found that
the present results for LAES are not changed qualitatively by introducing r 0 .
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presence of a strong laser field. Its Fourier-coefficients fk determine the exact
amplitude, An , for multichannel electron scattering with absorption (n > 0)
or emission (n < 0) of |n| photons. The infinite system of linear algebraic
equations for the coefficients fk , obtained in Ref. [2], is equivalent to the
following inhomogeneous integral equation for fp (t):
1
(1 + ip)fp (t) + cp (t) = − √
4πi


× fp (t − τ )e

iup τ +iS(t,t−τ )

Z∞
0

dτ iEτ
e
τ 3/2



− fp (t) ,

(1)

where cp (t) is the time-dependent part of the quasienergy wave function,
Φ(0)
p (r, t), of a free electron in the field F(t):
cp (t) = Φ(0)
p (r = 0, t)
h

= exp i(E + up )t − i

Zt

i

(p + A(t0 ))2 dt0 ,

(2)

where A(t) = Ḟ(t)/ω 2 is the vector potential and up = F 2 /(2ω 2 ) is the ponderomotive shift (up = e2 F 2 /(4mω 2 ) in abs. units). In Eq. (1), S(t, t − τ ) ≡
S(r = 0, t; r0 = 0, t − τ ) is the classical action for a free electron in the laser
field:
S(t, t − τ ) = −

Zt

t−τ



1
2
A(t0 ) dt0 + 
τ

Zt

t−τ

2

A(t0 )dt0  .

(3)

The exact result for the amplitude An in terms of fk has been obtained in [2]
and may be rewritten as follows:

An =

∞
X

ik fn−k

ei(k+2s) arg(e·pn )

s=−∞

k=−∞

× Jk+2s

∞
X

 2F

ω





|e · pn | Js `
2

up 
,
2ω

(4)

where pn is the scattered electron momentum (p2n = En = E + nω) and
Jm (x) is a Bessel function. For analytical analyses of plateau structures in the
differential cross sections dσn /dΩ = (pn /p)|An|2 , it is convenient to express
An as the following Fourier-integral (which reduces to (4) after expansion of
fp (t) and c∗pn (t) in Fourier series):
2π/ω
ω Z ∗
An =
cpn (t)fp (t)einωt dt .
2π

(5)
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Fig. 1. (a) Spectra of LAES for forward scattering (p n k p) along the major axis
of the laser polarization ellipse. The incoming electron energy is E = 7.03 = 0.8u p ,
and the laser parameters are F = 0.65, ω = 0.155 and five different values of ξ,
as indicated in the figure. The vertical line denotes elastic scattering, E n = E. (b)
Same as (a), but for the scattering angle θ = 20 ◦ in the plane of the polarization
ellipse. For better visualization of the curves for different values of ξ, each one is
multiplied by a factor 10µ , where µ = 4 for ξ = 0, µ = 2 for ξ = ±0.8 and µ = 0 for
ξ = ±1.

Note that when the laser field is turned off (i.e., F → 0) , cp (t) → 1 and one
finds from Eq. (1) that fk → f0 δk,0 . Consequently, both the function fp (t) in
Eq. (1) and the amplitude A0 in Eq. (5) (where An → A0 δn,0 ) reduce to the
amplitude f0 (p) for low-energy (s-wave) electron scattering from a short-range
potential U (r), f0 (p) = −(1 + ip)−1 (cf. Eq.(133.7) in [4]).

3

Numerical results for LAES spectra

The present numerical results show that plateau structures in the n-dependence
of LAES cross sections, dσn /dΩ = (pn /p)|An |2 , appear in the presence of an
intense low-frequency laser field (at ω < 1 and up  ω) and that they are
most pronounced when the initial momentum p is directed along the major
polarization axis and the scattering angle θ is small (where θ is the angle
between pn and p). Fig. 1 presents dσn /dΩ, calculated using the exact amplitude (4), as a function of the ratio En /up for two values of θ and different
values of the polarization parameter ξ. For the case of e − H scattering, the
scaled parameters ω, E and F in Fig. 1 correspond to CO2 -laser radiation
(λ = 10.6 µm) of intensity I = 6.34 × 1011 W/cm2 and an initial electron
energy E = 5.31 eV. Fig. 1 shows that two plateau-like structures in the energy distribution of scattered electrons with En > E, predicted in Ref. [2] for
the case of linear polarization (i.e., ξ = 0, ` = 1), exist also for an elliptically
polarized field, including for the case of circular polarization (ξ = ±1). More5

over, for non-zero scattering angle θ, an interesting polarization phenomenon
(circular dichroism) appears: the electron angular distributions, including the
high-energy plateau structures and their cutoffs, En,max , depend upon the sign
of ξ, i.e., upon the handedness of the laser photons. In addition, for ξ 6= 0,
the extent of the high-energy plateau is maximal for θ 6= 0. Dichroic effects
for LAES, as well as for other atomic photoprocesses [6], have an interference
origin, so that LAES experiments with an elliptically polarized laser field allow one to obtain more complete information about the details of LAES than
is possible for the case of ξ = 0.

4

Analytical analysis of plateau structures in LAES

To establish the physical origin of plateau structures in LAES spectra, we
perform an analytical evaluation of the integral (5) for the amplitude An
taking into account the zero order and first iteration of Eq. (1) for fp (t), i.e.,

fp (t) ≈ fp(0) (t) + fp(1) (t) ,
cp (t)
,
fp(0) (t) = −
1 + ip
1
√
fp(1) (t) =
(1 + ip)2 4πi
×

Z∞
0

(6)
(7)


dτ  i[ϕ(t,τ )+(E+up )t]
iEτ
e
−
c
(t)e
,
p
τ 3/2

ϕ(t, τ ) = S(t, t − τ ) −

t−τ
Z

2

(p + A(t0 )) dt0 .

(8)
(9)

Numerical analysis shows that the approximation (6) reproduces accurately
the results of the exact calculations for dσn /dΩ that are shown in Fig. 1.
Moreover, the low-energy part of the electron spectrum (i.e., the K-plateau [2])
is found to be described by the amplitude A(0)
n corresponding to the zero order
(0)
function, fp (t), whereas the high-energy (R) plateau is found to originate
(1)
2
from the amplitude A(1)
n that corresponds to fp (t).
2

As has been shown in Ref. [2], the approximation (7) is equivalent to the KrollWatson (low-frequency) approximation [7] and is similar to the Keldysh approximation [8] in the theory of tunnel ionization: both approximations correspond to
a “minimal” account of the atomic potential effects and thus fail to describe the
high-energy plateaus in LAES and ATI.

6

4.1 Low energy (K) plateau
Owing to the rapidly oscillating time-dependence of the functions cp (t) and
c∗pn (t) for small ω, in order to estimate the position of the K-plateau cutoff,
we evaluate the integral over t in Eq. (5) with fp (t) ≈ fp(0) (t) using the saddle
point method. The saddle points, t = ts , are given by the equation,
(p + A(ts ))2 = (pn + A(ts ))2 ,

(10)

which allows one to interpret LAES as a single collisional event in which an
incoming electron changes its momentum from p to pn at the moment ts
while conserving its mechanical kinetic energy (as expressed by the equality
of the lhs and the rhs in Eq. (10)). Equation (10) has both real and complex
roots ts . In the former case the amplitude A(0)
n oscillates as a function of
n (“classically-allowed scattering”), whereas in the latter case A(0)
n decays
exponentially. Thus, the cutoff of the K-plateau corresponds to the border
between classically allowed and forbidden scattering, i.e., to the minimum
value of pn at which the roots of Eq. (10) become complex. This estimate
agrees well with the results of the exact calculations and for scattering in the
plane of the polarization ellipse (as in Fig. 1) gives the following expression
for the momentum p(0)
n,max of the scattered electrons at the K-plateau cutoff:

p(0)
n,max (θ, `) =
q

q



(1 + `)up max sin φs


+ (sin φs − a)2 − 4a sin(θ̃/2) cos(φs + θ̃/2) ,

(11)

q

where a = p/ (1 + `)up , θ̃ = arg(e · pn ) − arg(e · p) and the maximum is
calculated over the set of values of the parameter φs ≡ ωts , s = 1, 2, . . . (i.e.,
over the phase of the laser field at the moment of electron-atom collision in
accordance with Eq. (10)). Note that the expression that is maximized on the
rhs of Eq. (11) is invariant to the substitution ξ → −ξ, so that the position of
the K-plateau cutoff does not depend on the sign of the photon helicity. For
forward and back scattering (θ̃ = θ = 0◦ and 180◦ ), the maximum in Eq. (11)
can be calculated analytically:
q

p(0)
n,max = 2 (1 + `)up ∓ p ,

pn > p ,

(12)

where the signs −/+ correspond to forward/back scattering. Eq. (12) shows
that the K-plateau for forward scattering exists only for incoming electron
energies E < (1 + `)up and its extent decreases with increasing E starting
(0)
from the maximum value, En,max
= 4(1 + `)up , at E → 0.
7

4.2 Basic equations for the rescattering scenario in LAES
Rescattering effects are described by the amplitude A(1)
n . To evaluate it and
to derive the equations that justify the rescattering scenario, we first extract
the rapidly oscillating part from the function fp(1) (t) (see Eq. (16)) using the
saddle point method to evaluate the integral over τ in Eq. (8) that involves the
rapidly oscillating (over t and τ ) function ϕ(t, τ ). The equation for the saddle
points τs = τs (t), ∂ϕ(t, τ )/∂τ = 0, is equivalent to the following relation:
(p + A(t − τs ))2 = (k(t, τs ) + A(t − τs ))2 ,

(13)

where we have introduced the “intermediate momentum” k,
t
1 Z
A(t0 )dt0 .
k(t, τ ) = −
τ

(14)

t−τ

Although the function ϕ(t, τ ) for arbitrary t and τ has a quite complicated
form (see Eqs. (9) and (3)), it reduces considerably at the saddle points τ =
τs (t) owing to the simple form of its derivative with respect to t. Taking into
account Eq. (13), this derivative may be written as follows:
dϕ(t, τs (t))/dt = − (k(t, τs (t)) + A(t))2 .

(15)

As a result, the function fp(1) (t) in the saddle point approximation is represented as a sum of separate saddle point contributions and has the following
form for a given τs :
fp(1) (t)

= gs (t)e

i(E+up )t−i

Rt

(k(t0 ,τs (t0 ))+A(t0 ))

2

dt0

,

(16)

where gs (t) is a pre-exponential factor that depends smoothly on t.
Using Eq. (16), the equation for saddle points tf in the integral (5) for A(1)
n is
given by
(k(tf , τs (tf )) + A(tf ))2 = (pn + A(tf ))2 ,

(17)

where τs (t) satisfies Eq. (13). In contrast to the “direct scattering” process
corresponding to the amplitude A(0)
n , relations (13) and (17) allow one to
interpret the LAES process described by the amplitude A(1)
n in terms of the
two-step (rescattering) scenario: upon collision with the atom at the initial
time ti = tf −τs , the incoming electron changes its momentum from p to k (see
8

Eq. (13)); then during the time τs it moves along a closed trajectory in the laser
field, returning back to the origin at the moment tf = ti + τs , whereupon it
experiences a second collision that changes the “intermediate momentum” k to
pn (see Eq. (17)). Numerical values of tf and τs (tf ) are determined by Eqs. (13)
and (17) and they may be either real or complex (corresponding to either
classically allowed or forbidden motions of the electron in the intermediate
state, after the first collision). As for the case of the K-plateau, the cutoff of
the R-plateau corresponds to the minimum value of pn at which the roots tf
and τs (tf ) acquire an imaginary part. For the case of linear polarization, the
above considerations justify the use of one-dimensional classical equations to
estimate the K- and R-plateau cutoffs for forward and back scattering, which
were given in Ref. [2] based upon physical arguments.
4.3 Rescattering effects for the case of circular polarization
For the general case of elliptic polarization, the analytical analysis of the
rescattering plateau and of elliptic dichroism effects is cumbersome and will
be published elsewhere. In what follows, we shall therefore restrict our consideration to the case of circular polarization, which is simpler for analytical
analysis and for which the existence of high-energy plateau structures is somewhat unexpected. 3 For ξ = ±1, Eqs. (13) and (17) simplify in such a way
that the roots tf may be expressed explicitly in terms of τs , resulting in a single equation that involves pn , p and τs . (Physically, the dependence of pn on
only the return time τs in this case originates from the fact that the absolute
value of the rotating vector F(t) is constant for |ξ| = 1.) Consequently, the
R-plateau cutoff for scattering in the plane of circular polarization is given by:
p(1)
n,max (θ) =

√

up max

hq

i

sin2 ψ(ϕ) + c(ϕ) − sin ψ(ϕ) ,

(18)

where
a2 − c(ϕ)
,
ψ(ϕ) = ϕ + ξθ − arcsin
2a
4 sin2 (ϕ/2) 2 sin ϕ
√
a = p/ up , c(ϕ) =
−
,
ϕ2
ϕ
and the maximum in (18) is calculated over the set of return times τs (ϕ =
ωτs ). From Eq. (18) and the explicit form of ψ(ϕ), one sees that the extent of
3

Note that for this case the coefficients f k in Eq. (4) may be calculated analytically [2], so that the exact amplitude A n is simplified and coincides with that
obtained earlier in Ref. [9], in which, however, the high-energy plateau and circular
dichroism effects were overlooked.
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Fig. 2. (a) LAES spectra in the high energy (R-plateau) region for different scattering angles θ in the polarization plane of a circularly polarized field with ξ = +1,
F = 0.5, and ω = 0.155, and for an incident electron energy E = 7.28 = 1.4u p .
Arrows mark the positions of the R-plateau cutoffs (according to Eq. (18)) for
θ = −20◦ , 0◦ , 20◦ and 40◦ (from left to right). (b) Dependence of the K- and
R-plateau cutoffs on the scattering angle θ for E = 1.4u p (thin lines) and E = 3up
(thick lines), F = 0.5 and ω = 0.155. Solid (dashed) lines: R-plateau cutoff positions
for ξ = +1 (ξ = −1) according to Eq. (18); dotted lines: K-plateau cutoff positions
(according to Eq. (11)).

the R-plateau depends on the sign of ξ (ξ = ±1) only through the combination
sin(ξθ). Expanding p(1)
n,max (θ) over θ, we obtain for small-angle scattering:
p(1)
n,max (θ)

=

p(1)
n,max (0)

"

1− q

ξθ cos ψ(ϕm )
sin2 ψ(ϕm ) + c(ϕm )

#

,

(19)

where ϕm is the value of the parameter ϕ in (18) at which p(1)
n,max (0) is maximum. Analysis of the expression (18) shows that cos ψ(ϕm ) < 0. Thus, according to (19), the cutoff of the R-plateau moves to higher energies with
increasing θ for right-hand polarization (ξ = +1) and to lower energies for
left-hand polarization (ξ = −1). This circular dichroism effect is illustrated in
Fig. 2(a) (see also Fig. 1(b)), where the exact results for R-plateaus and the
cutoff positions given by Eq. (18) are presented. We emphasize that dichroic
effects disappear for “direct scattering” (in the K-plateau region), which is described well by the approximation (7) for the function fp (t) in Eq. (5). Only a
more precise account of the dynamics of the electron-atom interaction in the
presence of a strong field can accurately predict dichroic effects in the high
energy region beyond the cutoff of the K-plateau. As for the case of linear polarization (ξ = 0) [2], rescattering effects for the case of circular polarization
are most important for small-angle scattering: for θ & θcr , the R-plateau is
masked by the more intense K-plateau (see Fig. 2(b)). Also, the critical angle
θcr decreases with increasing E.
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Fig. 3. (a) Energy distribution of electrons for forward scattering (θ = 0) in the
plane of circular polarization of a laser field with F = 0.5 and ω = 0.155. Open and
filled arrows mark the cutoffs of the K- and R-plateaus according to (12) and (18)
respectively. Vertical lines correspond to elastic scattering (E n = E). Each curve is
multiplied by a factor 10µ . Dotted line: E = 0.03up , µ = 4; solid line: E = 0.2up ,
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line: E = 3up , µ = 0. (b) Dependence on E of the cutoffs of the K- (dashed line)
and R- (solid line) plateaus for forward scattering in the polarization plane of a
laser field with F = 0.5, ξ = +1, and ω = 0.155. Horizontal and vertical dot-dashed
lines correspond to the coincidence of the cutoff positions with the elastic scattering
peak at En,max = E.

For forward scattering in the plane of circular polarization, in Fig. 3 we present
the energy distribution of scattered electrons for different values of the incident
electron energy E (Fig. 3(a)) and the dependence of the cutoff positions on E
for both the K- and R-plateaus (Fig. 3(b)). As shown analytically by analysis
of Eqs. (13) and (17) for ξ = ±1 and θ = 0 and confirmed numerically by the
(1)
results in Fig. 3(b), the extent of the R-plateau is En,max
= 4up for E → 0,
which coincides with the global maximum for the extent of the K-plateau (12)
(1)
for E → 0. Although En,max
increases rapidly with increasing E, reaching the
(1)
global maximum, En,max ≈ 5.1up , at E ≈ 0.2up , for small energies (E → 0)
the R-plateau is masked by the more intense K-plateau and, as shown by
the numerical results, only becomes visible for E & 0.03up (see the curve for
E = 0.03up in Fig. 3(a)). As for the case of the K-plateau (which exists for
E < up ), the R-plateau exists only for a limited interval of incoming electron
energies E. A formal estimate for this interval follows from the condition
that the “angle” ψ(ϕm ) must be real, i.e., |a2 − c(ϕm )| ≤ 2a, and results
in the inequality E < 5.1up . However, due to the extra condition, p < pn ,
the maximum in this inequality is reduced, so that the actual upper limit of
energies E for which the R-plateau exists decreases to ∼ 4.1up (see Fig. 3(b)).
Both parts of Fig. 3 show that the optimal interval of incident electron energies
E for observation of the R-plateau is E ∼ (0.2 − 2.5)up , which depends on
the laser intensity and frequency through the ponderomotive shift up .
11

In conclusion, we have performed an accurate quantum analysis of plateau features in cross sections of electron-atom scattering assisted by a strong elliptically polarized laser field in the scattering length (ZRP model) approximation.
We have derived the basic equations of the well-known rescattering scenario
in strong laser-atom phenomena from our thoroughly quantum results for the
scattering amplitude. We have also demonstrated the existence of high-energy
(rescattering) plateaus for the case of circular laser polarization.
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